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FAMILIES OF STABLE BUNDLES ON THE FIBRES OF THE
HYPERKA¨HLER TWISTOR PROJECTION
ARTOUR TOMBERG
Abstract. Given a holomorphic vector bundle E on the twistor space Tw(M) of
a simple hyperka¨hler manifold M , we view it as a family of bundles {EI} on the
fibres pi−1(I) of the twistor projection pi ∶ Tw(M) → CP1, and study the relationship
between stability of E and its fibrewise stability. We verify that the argument of
Teleman establishing the Zariski openness of stability and semi-stability in families
of bundles applies in the case of the family {EI}. We prove a partial converse to a
result of Kaledin and Verbitsky, showing that an irreducible bundle E on Tw(M) is
generically fibrewise stable if the rank of E is 2 or 3, or at least one element of the
family {EI} is a simple bundle, in the sense that Hom(EI ,EI) = C.
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1. Introduction
The interplay between stability of vector bundles and Hermitian-Einstein metrics
has been a very active area of research in differential geometry in the 1980s, and the
concerted efforts of many of the leading mathematicians of the time have led to the
result that is now known as the Kobayashi-Hitchin correspondence (Theorem 2.14, see
[LT] for a reference). Among its many other applications, this deep theorem gives a
better understanding of the geometry of moduli spaces of stables bundles. These are
mostly studied in the projective algebraic context, where there is a rich and developed
theory (see for example [HL]). However, for non-algebraic, and especially for non-Ka¨hler
manifolds, the theory is more difficult. The first explicit description of the moduli
space of stable bundles on a non-Ka¨hler manifold was given by Braam and Hurtubise
in the paper [BH], where they studied stable SL(2,C)-bundles on primary elliptic Hopf
surfaces. Since then, while there have been further results about moduli spaces and their
structure (see [BM, AMT, BHT]), much remains unknown in the non-Ka¨hler case.
The study has been funded within the framework of the HSE University Basic Research Program and
the Russian Academic Excellence Project ’5-100’.
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One of the things that makes the non-Ka¨hler case more difficult is the presence of
irreducible bundles. These are bundles which don’t have any proper subsheaves of lower
rank, and are thus always stable, vacuously. They don’t occur on algebraic manifolds,
where one always has recourse to various filtrations. In contrast to filtrable bundles,
irreducible bundles cannot be constructed as extensions of coherent sheaves, and no
general method of constructing such bundles is known.
The subject of this paper is stability of vector bundles on a compact hyperka¨hler
manifold M and its twistor space Tw(M). Recall that a hyperka¨hler manifold M comes
equipped with a (non-Ka¨hler) twistor space Tw(M) and a holomorphic twistor projec-
tion π ∶ Tw(M) → CP1, whose fibres MI ∶= π−1(I), I ∈ CP1, although Ka¨hler, are mostly
non-algebraic (see Proposition 2.5). We will view a holomorphic vector bundle E on
Tw(M) as a family {EI ∶= E∣MI} of bundles on the fibres MI of the projection π. A
natural question to consider in this context is how the stability of E as a bundle on
Tw(M) is related to the stability of its restrictions EI .
In the paper [KV], Kaledin and Verbitsky prove, among other things, that if E is
generically fibrewise stable, that is, its restriction EI is stable for Zariski generic I ∈ CP1,
then E itself is stable as a bundle on Tw(M) (Lemma 7.3 in [KV]). The converse to
this statement does not hold, as was shown in [To2], which gives an explicit example
of a stable bundle E on Tw(M) which is nowhere fibrewise stable. However, as is
evident from the proof of Lemma 7.3 in [KV], the statement of the result of Kaledin and
Verbitsky can be made stronger in the following way.
Theorem. (Kaledin-Verbitsky) Let M be a compact hyperka¨hler manifold and let E
be a holomorphic vector bundle on the twistor space Tw(M). If E is generically fibrewise
stable, then it is irreducible.
For a proof, see the first part of the proof of Theorem 4.1. One may ask whether
the converse to this stronger version of the result is in fact true. In other words, given
an irreducible bundle E on the twistor space Tw(M), will it always be stable on the
generic fibre of the twistor projection π ∶ Tw(M) → CP1? If the answer is yes, this would
give a very nice characterization of irreducible bundles on the twistor space Tw(M) of
a hyperka¨hler manifold M . While we don’t provide a full answer to this question in
this paper, we will prove a partial converse to the above theorem. Namely, we show
that for a simple hyperka¨hler manifold M , an irreducible bundle E on the twistor space
Tw(M) is generically fibrewise stable provided that E has rank 2 or 3, or at least one
of the EI in the corresponding family is a simple holomorphic bundle, in the sense that
Hom(EI ,EI) = C.
The present article is a somewhat abridged version of the second part of the author’s
PhD thesis [To]. It is organized as follows. Section 2 is a review of hyperka¨hler geometry
and the theory of stability, where we state some technical results used in subsequent
sections. In Section 3 we prove that for a family {EI} of bundles on the fibres of the
twistor projection π ∶ Tw(M) → CP1, fibrewise stability and semi-stability are Zariski
open conditions on the base CP1. The proof is basically a verification that the argument
of Teleman from [Te] adapts to the case of the twistor projection. Section 4 contains the
proof of the main result of the article, namely that the converse to the above theorem
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holds in case M is simple hyperka¨hler and E is of rank 2 or 3, or of general rank with the
extra assumption of being simple on at least one fibre of the projection π ∶ Tw(M) → CP1.
The author would like to thank Misha Verbitsky and Jacques Hurtubise for their help
and support in the preparation of this manuscript.
2. Preliminaries
We start by giving definitions of the objects that we will be working with and stating
results (mostly without proof) that will be useful for us in subsequent sections. The
main references will be the papers [V2], [V1], [KV] for hyperka¨hler geometry, and the
books [Kob], [LT], [OSS] for stability of vector bundles.
Definition 2.1. A hyperka¨hler manifold is a smooth manifoldM together with a triple of
integrable almost complex structures I, J,K ∶ TM → TM that satisfy the quaternionic
relations I2 = J2 = K2 = −1, IJ = −JI = K, and a Riemannian metric g, which is
simultaneously Hermitian with respect to the structures I, J,K, and whose Levi-Civita
connection ∇ satisfies ∇I = ∇J = ∇K = 0.
Note that ∇ also preserves the corresponding Hermitian forms ωI , ωJ , ωK of g, so that
g is simultaneously Ka¨hler with respect to these structures. In fact, there are many more
Ka¨hler structures on M .
Together with the identity mapping, I, J,K induce an action of the quaternion al-
gebra H on the tangent bundle TM , which is moreover parallel with respect to ∇. A
straightforward verification shows that any linear combination A = aI + bJ + cK with
a2 + b2 + c2 = 1 satisfies A2 = −1 and ∇A = 0, and is thus an integrable almost complex
structure on M , for which g is again a Ka¨hler metric. Thus, a hyperka¨hler manifold has
a whole 2-sphere of induced complex structures
S2 = {aI + bJ + cK ∶ a2 + b2 + c2 = 1} = {A ∈ H ∶ A2 = −1} ⊆ ImH,
which we would like to encode as a single geometrical object.
Definition 2.2. Let M be hyperka¨hler. The product manifold Tw(M) = M × S2 is
called the twistor space of M .
Thinking of S2 as the set of induced complex structures of M as above, the twistor
space parametrizes these structures at points of M . Identifying S2 with CP1 in the
usual way, we can give Tw(M) ≅ M × CP1 a natural complex structure: for any point
(m,A) ∈M ×CP1 we define I ∶ T(m,A)Tw(M) → T(m,A)Tw(M) by
I ∶ TmM ⊕ TACP1 Ð→ TmM ⊕ TACP1,
(X,V ) z→ (AX,I
CP
1V )
where I
CP
1 ∶ TCP1 → TCP1 is the usual complex structure on CP1. It’s easy to check
that this defines an almost complex structure on Tw(M), which is in fact integrable
[Sal], thus making Tw(M) into a complex manifold. There are canonical projections
Tw(M)
pi
$$■
■■
■■
■■
■■
σ
{{✇✇
✇✇
✇✇
✇✇
✇
M CP1,
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the second of which is a holomorphic map. The hyperka¨hler metric g on M and the
Fubini-Study metric g
CP
1 on CP1 induce the Hermitian metric
σ∗(g) + π∗ (g
CP
1)
on Tw(M), which, although never Ka¨hler [Hit], satisfies the weaker property of being
balanced (see [KV]), i.e. its Hermitian form ω satisfies d (ωn−1) = 0, where dimCTw(M) =
n.
When considering the totality of the induced complex structures on M , the particular
structures I, J,K no longer play any vital role, so from now on we will denote an arbitrary
induced complex structure by I, the resulting Ka¨hler manifold by MI and its structure
sheaf by OI . The MI are precisely the fibres of the holomorphic twistor projection
π ∶ Tw(M) → CP1, and it will be useful to think of Tw(M) as the collection of Ka¨hler
manifolds MI lying above the points I ∈ CP1 via the map π. A compact hyperka¨hler
manifold M is called simple if it is simply connected and satisfies H2,0(MI) = C for
some (and hence for all) I ∈ CP1. In what follows, all our hyperka¨hler manifolds will be
assumed to be compact and simple.
Recall that a hyperka¨hler manifoldM is equipped with a parallel action of the quater-
nion algebra H on its tangent bundle. Restricting to the group of unitary quaternions in
H, we get an action of SU(2) on TM , hence on all of its tensor bundles, and in particular
on the bundle of differential forms Λ∗M . Since the action is parallel, it commutes with
the Laplace operator, and thus preserves harmonic forms. Applying Hodge theory, we
get a natural action of SU(2) on the cohomology H∗(M,C).
Lemma 2.3. A differential form η on a hyperka¨hler manifold M is SU(2)-invariant if
and only if it is of Hodge type (p, p) with respect to all induced complex structures MI .
Proof. Proposition 1.2 in [V2]. 
Definition 2.4. Let M be hyperka¨hler and I an induced complex structure. We say
that I is generic with respect to the hyperka¨hler structure on M if all elements in
⊕
p
Hp,p(MI) ∩H2p(M,Z) ⊂H∗(M,C)
are SU(2)-invariant.
This terminology is justified: most induced complex structures are generic, in a sense
made precise in the following proposition.
Proposition 2.5. Let M be a hyperka¨hler manifold. The set S0 ⊂ S2 of generic induced
complex structures is dense in S2 and its complement is countable.
Proof. Proposition 2.2 in [V1]. 
As we will see, the genericity of the complex structure I puts rigid conditions on the
geometric structure of the manifold MI . For instance, all line bundles on MI have only
zero or nowhere vanishing sections (see the proof of Proposition 2.17), hence MI can
never be algebraic since it has no effective divisors.
Our next goal is to give the definition of stable vector bundles (and, more generally,
torsion-free coherent sheaves), as well as Hermitian-Einstein metrics and the Kobayashi-
Hitchin correspondence. In what follows, M will be a compact complex manifold of
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dimension n and g a Hermitian metric on M with Hermitian form ω. We will denote by
O the sheaf of holomorphic functions on M .
Recall that for a coherent sheaf F over M , we have the dual sheaf F∗ =Hom (F ,O),
as well as a natural morphism into the double dual F Ð→ F∗∗, whose kernel consists
precisely of the torsion elements of F .
Definition 2.6. A coherent sheaf F over M is called torsion-free if ∀x ∈M , the stalk
Fx is a torsion-free Ox-module, or equivalently, if the natural morphism of sheaves
F Ð→ F∗∗
is injective. If it is an isomorphism, we say that F is reflexive. We call the sheaf F
normal if for every open set U ⊆M and every analytic subset A ⊂ U of codimension at
least 2, the restriction map
F(U) Ð→ F(U ∖A)
is an isomorphism.
Clearly, a vector bundle E, viewed as a locally free sheaf, is reflexive (and hence
torsion-free). On the other hand, for an arbitrary coherent sheaf F , let
S(F) = {x ∈M ∶ Fx is not free over Ox}
denote the singularity set of F . It can be shown (see Section §1 of Chapter 2 in [OSS])
that for an arbitrary coherent sheaf this is a closed analytic subset of M of codimension
≥ 1 (≥ 2 for a torsion-free sheaf, ≥ 3 for a reflexive sheaf), so that F restricted toM∖S(F)
is locally free. This justifies the following definition.
Definition 2.7. The rank rkF of a coherent sheaf F over M is the rank of the locally
free sheaf
F∣M∖S(F) over M ∖ S(F).
Recall that for an arbitrary coherent sheaf F and any integer s ≥ 0, we can define the
exterior power sheaf ΛsF . If F is a torsion-free sheaf of rank s > 0, then ΛsF has rank
1, and the determinant of F ,
detF ∶= (ΛsF)∗∗ ,
is actually a line bundle on M , since the dual of an arbitrary coherent sheaf is reflexive
(Proposition V.5.18 in [Kob]), and a reflexive sheaf of rank 1 is a line bundle (Lemma
1.1.15 in Chapter 2 of [OSS]).
To proceed with the definition of degree, we need to impose a certain differential
condition on the metic g.
Definition 2.8. The metric g is called Gauduchon if it satisfies the condition
∂∂¯ (ωn−1) = 0.
Definition 2.9. Let g be Gauduchon. The degree of a torsion-free coherent sheaf F on
M with respect to g is given by
degg(F) = ∫
M
c1(detF , h) ∧ ωn−1,
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where h is an arbitrary Hermitian metric on the line bundle detF , and
c1(detF , h) ∶=
√−1
2π
Rh,
where Rh ∈ Γ(Λ1,1M) is the curvature form of the Chern connection on (detF , h). We
will write deg(F) when the metric will be clear from the context.
The Gauduchon condition on g ensures that degg(F) is well-defined and does not de-
pend on the metric h (see Lemma 1.1.18 in [LT]). If the metric g satisfies the balancedness
condition d (ωn−1) = 0 (in particular, if it is Ka¨hler), then it is clearly Gauduchon, and in
fact the degree only depends on the first Chern class c1(detF), making it a topological
invariant of detF ; for an arbitrary Gauduchon metric it is only a holomorphic invariant
of detF . Note that, for an arbitrary Hermitian metric g on M , the definition of degree
does not make sense, however, as shown in the following theorem proved in [G], the
conformal class of g always contains a Gauduchon metric, which is essentially unique.
Theorem 2.10. If M is compact, then for every Hermitian metric g on M there exists
a positive function ϕ ∈ C∞(M,R>0) such that
g′ ∶= ϕ ⋅ g
is Gauduchon. If M is connected and n ≥ 2, then g′ is unique up to a positive constant.
We are now ready to define stability of torsion-free coherent sheaves on M .
Definition 2.11. Let g be a Gauduchon metric onM , and let F be a nontrivial torsion-
free coherent sheaf. The g-slope of F is given by
µg(F) ∶= degg(F)
rk(F) ,
denoted simply by µ(F) when the metric is clear from the context. The sheaf F is called
g-stable (resp. g-semi-stable) if for every subsheaf G ⊂ F with 0 < rk(G) < rk(F) we have
µg(G) < µg(F) (resp. µg(G) ≤ µg(F)) .
F is called g-polystable if it is a direct sum of g-stable bundles of the same slope. It is
called irreducible if it has no proper subsheaves of lower rank.
It’s clear that an irreducible F is stable with respect to any metric on M . It’s also
clear that for a reflexive sheaf, F is irreducible if and only F∗ is irreducible.
We now give the definition of Hermitian-Einstein structures on a holomorphic vector
bundle E over M , a concept which is intimately related to the notion of stability, in a
sense that will be made precise later. Recall that the Hermitian structure g onM defines
a linear operator on the bundle of differential forms ofM given by exterior multiplication
with the Hermitian form ω:
Lg ∶ Λp,qM Ð→ Λp+1,q+1M
α z→ α ∧ ω
We will denote the g-adjoint operator of Lg by Λg ∶ Λp,qM → Λp−1,q−1M . It can be shown
that for a (1,1)-form α, Λg(α) satisfies the following identity:
α ∧ ωn−1 = 1
n
Λg(α)ωn.
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Definition 2.12. A Hermitian metric h on a holomorphic vector bundleE onM is called
g-Hermitian-Einstein if the curvature Rh ∈ Γ(Λ1,1M ⊗E∗ ⊗E) of its Chern connection
satisfies the equation √
−1ΛgR
h = γ ⋅ idE ,
or equivalently
(√−1Rh) ∧ ωn−1 = γ
n
ωn ⋅ idE ,
where γ is a real constant, called the Einstein constant of h.
If the holomorphic vector bundle E is simple, in the sense that Hom(E,E) = C, a g-
Hermitian-Einstein metric on E (if it exists) is unique up to a positive scalar (Proposition
2.2.2 in [LT]). In case the metric g is Gauduchon, the Einstein constant is proportional
to the degree of the vector bundle E, as the following proposition shows.
Proposition 2.13. If g is Gauduchon and h a Hermitian-Einstein metric on E with
Einstein constant γ, then
γ = 2π(n − 1)! ⋅Volg(M) ⋅ µg(E),
where
Volg(M) = ∫
M
1
n!
⋅ ωn
is the volume of M with respect to the metric g.
Proof. Lemma 2.1.8 in [LT]. 
There is an intimate relationship between Hermitian-Einstein structures and stability.
The following fundamental theorem, whose proof is the subject of the book [LT], shows
that the two notions are essentially equivalent.
Theorem 2.14. If g is a Gauduchon metric and E is a holomorphic vector bundle on
M , then E admits a Hermitian-Einstein metric if and only if it is polystable. In case
the bundle is stable, this metric is unique up to a positive constant.
This result is called the Kobayashi-Hitchin correspondence, after the people who con-
jectured it, and was proved in increasing generality by various mathematicians, among
whom the greatest contributions were by Donaldson [Don1, Don2, Don3], Uhlenbeck and
Yau [UY1, UY2], Buchdahl [Bu] and Li and Yau [LY].
As a first application of this theorem, we see that a holomorphic line bundle L
on a Gauduchon manifold M , which is clearly stable in any metric, always admits a
Hermitian-Einstein metric. As a matter of fact, it can be shown (Corollary 2.1.6 in
[LT]) that for an arbitrary Hermitian metric g on M , a holomorphic line bundle L on M
always admits a g-Hermitian-Einstein metric h, unique up to constant rescaling. Thus,
we can define the Einstein constant of L with respect to the Hermitian metric g by
γg(L) ∶=
√
−1ΛgR
h,
where Rh is the curvature of the Chern connection of (L,h). Since the Chern connection
stays the same when the metric is multiplied by a constant, γg(L) is well-defined. We
then have the following result.
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Proposition 2.15. Let g′ be a Gauduchon metric in the conformal class of g. Then
there exists a positive constant c, depending only on g and g′, such that
degg′(L) = c ⋅ γg(L)
for all holomorphic line bundles L on M .
Proof. Proposition 1.3.16 in [LT]. 
Now let M be again a compact hyperka¨hler manifold with hyperka¨hler metric g, and
let S0 ⊂ S2 ≅ CP1 denote the set of generic complex structures of M , as in the statement
of Proposition 2.5. We have the following lemma.
Lemma 2.16. An SU(2)-invariant 2-form β on a hyperka¨hler manifold M satisifes
ΛIβ = 0
for any induced complex structure I, where by ΛI we mean the operator Λg on the
manifold MI .
Proof. Lemma 2.1 in in [V2]. 
Proposition 2.17. Let M be a hyperka¨hler manifold and Tw(M) its twistor space.
The holomorphic twistor projection π ∶ Tw(M) → CP1 establishes a one-to-one corre-
spondence between divisors on CP1 and those on Tw(M).
Proof. It suffices to show that the only (irreducible) hypersurfaces on Tw(M) are the
fibres of the twistor projection π ∶ Tw(M) → CP1. Suppose this is not so, and V ⊂
Tw(M) is an irreducible hypersurface which is not a fibre of π. Then π(V ) = CP1, so
that V intersects every fibre of π. We can choose a generic structure I ∈ S0 so that
the restriction V ∩ π−1(I) = V ∩MI is a divisor on MI . Letting L be the line bundle
corresponding to this divisor, the first Chern class c1(L) ∈ H1,1(MI) ∩ H2(M,Z) is
SU(2)-invariant by genericity of I. Letting η denote the harmonic form representing
c1(L), it’s clear that η is SU(2)-invariant as a differential form. By Proposition II.2.23
in [Kob], there is a Hermitian metric h on L such that c1(L,h) = η; in other words,√
−1
2π
Rh = η,
whereRh is the curvature of the Chern connection of (L,h). SinceRh is SU(2)-invariant,
it follows from Lemma 2.16 that (L,h) is Hermitian-Einstein with Einstein constant 0,
so by Proposition 2.13 (or Proposition 2.15), degg(L) = 0. But then, as a consequence
of the Poincare´-Lelong formula (see Proposition 1.3.5 in [LT]), L is either trivial or
H0(MI ,L) = 0, which contradicts the construction of L as the line bundle of an effective
divisor on MI . In fact, the argument shows that MI has no effective divisors and thus
cannot be algebraic. In particular, V ⊆ Tw(M) as chosen above cannot exist. 
Just as shown in the proof of the above proposition for line bundles, it follows from
Lemma 2.16 that for a generic complex structure I ∈ S0, any holomorphic vector bundle
overMI , and in fact any torsion-free sheaf, has degree 0, and in particular, is semi-stable.
We close this section with one further notion of stability which is defined for a hy-
perka¨hler manifold M . Recall that M comes equipped with a twistor space Tw(M) and
a holomorphic projection π ∶ Tw(M) → CP1. As mentioned previously, Tw(M) has a
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natural balanced metric, thus it makes sense to talk about stable vector bundles and
torsion-free sheaves on Tw(M). In fact, because Tw(M) parametrizes the totality of
the complex structures on M induced by the hyperka¨hler structure, it makes sense to
make the following definition.
Definition 2.18. A holomorphic vector bundle E on Tw(M) is called fibrewise stable
if its restriction EI to MI is stable in the induced Ka¨hler metric for each I ∈ CP1. E
is called generically fibrewise stable if EI is stable for all I in a nonempty Zariski open
subset of CP1.
3. Zariski openness of fibrewise stability for the twistor projection
It is a general fact, which can be made precise, that given a morphism of spaces
f ∶ X → S and a vector bundle E on X, thought of as a family of vector bundles
{Es ∶ s ∈ S} on the fibres {f−1(s) ∶ s ∈ S}, the set
Sst ∶= {s ∈ S ∶ Es is stable}
is open in S under some assumptions on the morphism f ∶ X → S. This holds true in the
projective algebraic setting (see Proposition 2.3.1 in [HL]), where the topology on S is
understood to be the Zariski topology, as well as in the complex hermitian setting (see
[LT], Theorem 5.1.1), where the topology on S is the usual Euclidean manifold topology.
We would like to study families of vector bundles on the fibres of the twistor projection
π ∶ Tw(M) → CP1 of a simple hyperka¨hler manifold M , and while it is natural to work
in the Zariski topology on CP1, the twistor space Tw(M) is never projective (not even
Ka¨hler). We could apply the result of [LT] and conclude that the stability condition is
open in CP1 in the classical topology, but for our purposes we would like to have the
stronger result of Zariski openness.
In the paper [Te], Teleman proves, among other results, the following theorem.
Theorem 3.1. Let Y be a compact connected Gauduchon manifold, S an arbitrary
complex manifold, and E a holomorphic vector bundle on Y × S, thought of as a family
of vector bundles on Y parametrized by the projection Y × S → S. Then the sets
Sst = {s ∈ S ∶ Es is stable} , Ssst = {s ∈ S ∶ Es is semi-stable}
are Zariski open provided the parameter manifold S is compact.
Although the twistor space Tw(M) is topologically a product M × S2, we cannot
apply this theorem directly since it is not a complex analytic product of M and CP1.
We would thus like to extend Teleman’s result in the slightly more general setting of the
complex structure MI varying on the fibres of the twistor projection π ∶ Tw(M) → CP1.
Theorem 3.2. Let M be a compact simple hyperka¨hler manifold with twistor space
Tw(M), and E a holomorphic vector bundle on Tw(M) of rank r. Then the sets
(CP1)st = {I ∈ CP1 ∶ EI is stable} , (CP1)sst = {I ∈ CP1 ∶ EI is semi-stable}
are Zariski open in CP1.
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The proof will essentially be a verification that Teleman’s argument in [Te] works for
the twistor projection π ∶ Tw(M) → CP1. We will work in the category of complex ana-
lytic spaces and their morphisms (for the definitions, see, for instance, [GR]). We start
by studying the relative Picard group of the twistor projection π ∶ Tw(M) → CP1, which
will be an object Pic
CP
1 Tw(M) parametrizing the Picard groups {PicMI ∶ I ∈ CP1} of
the fibres of π. Generally, the existence of the relative Picard group is a delicate matter
(see [Kl] for results in the algebraic setting). However, in our situation, Pic
CP
1 Tw(M)
has an explicit description, which we now give.
Set-theoretically,
Pic
CP
1 Tw(M) ∶= {(I,L) ∶ I ∈ CP1,L holomorphic line bundle on MI} /∼ ,
where ∼ identifies isomorphic line bundles. Clearly, the fibres of the natural projection
Pic
CP
1 Tw(M) → CP1 are just the Picard groups PicMI . Now fix an induced complex
structure I ∈ CP on M . The exponential sheaf sequence
0Ð→ ZÐ→OI expÐ→O∗I Ð→ 0
gives rise to a long exact sequence in cohomology, a portion of which looks like
0Ð→H1(M,Z) Ð→H1(MI ,OI) Ð→ PicMI c1Ð→H2(M,Z)
Since M is simply connected, H1(M,Z) = 0 and H2(M,Z) has no torsion. By Hodge
theory, H1(MI ,OI) = 0, and by the Lefschetz theorem on (1,1)-classes, the image of
PicMI
c1→ H2(M,Z) is equal to H1,1(MI)∩H2(M,Z). It follows from all this that PicMI
is discrete and can be identified with the free abelian subgroup H1,1(MI) ∩H2(M,Z) ⊆
H2(M,Z). Hence we have a set-theoretic embedding
(3.1)
Pic
CP
1 Tw(M) Ð֒→ CP1 ×H2(M,Z)
(I,L) z→ (I, c1(L))
and we would like to show that its image is a closed analytic subset of CP1 ×H2(M,Z)
which we think of as the disjoint union of countably many copies of CP1 indexed by
H2(M,Z).
To see this, let L be a holomorphic line bundle on MI0 for some I0 ∈ CP1. We think
of L as an element of Pic
CP
1 Tw(M) lying above I0 via the projection PicCP1 Tw(M) →
CP
1. We have one of the following two cases. If c1(L) is SU(2)-invariant, then, as a
consequence of Lemma 2.3,
c1(L) ∈ ⋂
I∈CP1
H1,1(MI) ∩H2(M,Z).
Such L are called hyperholomorphic. In view of the discussion above, it’s clear that the
underlying topological line bundle of such L admits a (unique) holomorphic structure in
each induced complex structure I. Identifying Pic
CP
1 Tw(M) with its image under the
embedding (3.1), the connected component of Pic
CP
1 Tw(M) containing L is the line
CP
1 × {c1(L)}. On the other hand, suppose c1(L) is not SU(2)-invariant. In this case,
I0 cannot be generic. Moreover, by the proof of Proposition 2.2 in [V2], the intersection
Pic
CP
1 Tw(M) ∩ (CP1 × {c1(L)}) ,
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where we again identify Pic
CP
1 Tw(M) with its image under (3.1), is finite, hence L is
an isolated point of Pic
CP
1 Tw(M).
In other words, the connected components of Pic
CP
1 Tw(M) are either copies of CP1
or singletons. With this description, the analytic structure of Pic
CP
1 Tw(M) is apparent,
as well as the fact that the natural projection Pic
CP
1 Tw(M) → CP1 is holomorphic.
Recall that stability of a vector bundle E is defined as a condition on its subsheaves
F ↪ E. Equivalently, it can be defined as a condition on its quotient sheaves E ↠ Q
(see Theorem 1.2.2 of Chapter 2 in [OSS]). Recall that given a vector bundle E on
the twistor space Tw(M), we think of it as a family {EI} of vector bundles over the
manifolds {MI} parametrized by CP1. In order to study stability of the bundles EI , we
would like to assemble all of their possible quotient sheaves into one geometric object.
This is accomplished with the relative Douady Quot space construction [P].
For a proper morphism of complex manifolds X → S and a vector bundle E on X,
the relative Quot space QuotS(E) is a complex analytic space parametrizing quotient
sheaves Es ↠ Qs for s ∈ S, where Es denotes the restriction of E to the fibreXs of X → S
over s. We denote by Quot1lf,S(E) the open subspace of QuotS(E) consisting of quotient
sheaves Es ↠ Qs with invertible kernel. In the particular case E = OX , we denote
Quot1lf,S(E) by DouS(X) and call it the relative Douady space of X with respect to S.
Set-theoretically, it is just the collection of effective divisors D of the spaces Xs. The
following properness result mentioned in [Te] is a consequence of Bishop’s compactness
theorem [Bi].
Theorem 3.3. Let h be a Hermitian metric on a complex manifold X, and let X → S
be a proper map onto a complex manifold S. Then ∀ε > 0 the topological subspaces
DouS(X)≤ε ∶= {D ∈ DouS(X) ∶ Volh(D) ≤ ε} ⊆ DouS(X)
are proper over S. Here, for an element D ⊆Xs, s ∈ S, Volh(D) is the volume of D with
respect to the restriction of the metric h.
Let now X → S be the twistor projection π ∶ Tw(M) → CP1 for a compact simple
hyperka¨hler manifold M , and let E be a holomorphic vector bundle on E of rank r.
The relative Quot space Quot1
lf,CP1
(E) has a natural analytic map to the relative Picard
group Pic
CP
1 Tw(M), which maps every quotient EI ↠ QI to its kernel:
p ∶ Quot1
lf,CP1
(E) Ð→ Pic
CP
1 Tw(M)
ψI ∶ EI ↠ QI z→ (I,KerψI)
It’s not hard to see that, given an element LI ∈ PicMI ⊂ PicCP1 Tw(M), the set-theoretic
fibre of p over LI is simply
(3.2) p−1(LI) = P (HomMI(LI ,EI)) ≅ P (H0(MI ,L∗I ⊗EI)) .
Now let Z = P(E∗) be the projectivization of the dual bundle of E over Tw(M),
thought of as a family of projectivizations ZI = P(E∗I ) parametrized by I ∈ CP1, and let
Dou
CP
1(Z) be the relative Douady space of Z. As a first step in the proof of Theorem
3.2, we will identify Quot1
lf,CP1
(E) with a certain subspace of Dou
CP
1(Z). Just like
for Tw(M), we can define the relative Picard group of Z with the natural projection
Pic
CP
1 Z → CP1, with the fibre over I ∈ CP1 being PicZI = PicP(E∗I ). Since PicP(E∗I ) is
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canonically isomorphic to PicMI ×Z, with the Z summand generated by the line bundle
OZI (1), we conclude that
Pic
CP
1 Z ≅ Pic
CP
1 Tw(M) × Z.
There is a natural analytic map
nZ ∶ DouCP1(Z) Ð→ PicCP1 Z
DI ⊆MI z→ (I,ODI ) ,
whose set-theoretic fibre over an element NI ∈ PicZI ⊂ PicCP1 Z is just
(3.3) n−1Z (NI) = P (H0(ZI ,NI)) .
Let q ∶ Z = P(E∗) → Tw(M) denote the natural projection, and let qI ∶ ZI =
PicP(E∗I ) → MI be the obvious restrictions. Given a line bundle LI on MI , we use
the projection formula and the fact that q∗(OZ(1)) = E, to obtain:
H0(MI ,L∗I ⊗EI) ≅H0(MI , qI∗(q∗I (L∗I )⊗OZI (1))) ≅H0(ZI , q∗I (L∗I )⊗OZI (1)).
With the set-theoretical identifications (3.2), (3.3) this gives us bijections of fibres
p−1(LI) → n−1Z (q∗I (L∗I ) ⊗ OZI(1)) for every choice of line bundle LI ∈ PicCP1 Tw(M),
which we can assemble into a set-theoretic embedding Φ ∶ Quot1
lf,CP1
(E) → Dou
CP
1(Z)
that fits into the diagram
(3.4) Quot1
lf,CP1
(E)
p

Φ // Dou
CP
1(Z)
nZ

Pic
CP
1 Tw(M)
a
// Pic
CP
1 Z
Here, a ∶ Pic
CP
1 Tw(M) → Pic
CP
1 Z is just the map (I,LI) ↦ (I, q∗I (L∗I )⊗OZI(1)). We
would like to verify that Φ is actually analytic.
Proposition 3.4. The map
Φ ∶ Quot1
lf,CP1
(E) ∼→ n−1Z (a(PicCP1 Tw(M))) ⊆ DouCP1(Z)
is a complex analytic isomorphism.
Proof. The proof closely follows the argument of Teleman in Proposition 2.3 of [Te].
The spaces Quot1
lf,CP1
(E), n−1Z (a(PicCP1 Tw(M))) represent contravariant functors on
the category of complex analytic spaces over CP1, which we denote by Quot1
lf,CP1
(E),
D, respectively, and the argument consists of exhibiting Φ as an isomorphism between
these two functors. They are defined as follows. For a complex analytic space T and an
analytic map g ∶ T → CP1,
Quot1
lf,CP1
(E)(T ) ∶= {quotients ET → Q → 0 on Tw(M)T = Tw(M) ×CP1 T ∶
Q is flat over T and ET → Q has invertible kernel} ,
where ET is the pullback of E via the projection Tw(M)T = Tw(M) ×CP1 T → Tw(M),
and
D(T ) ∶= {divisors D ⊆ ZT = Z ×CP1 T ∶
OD is flat over T and ∀t ∈ T, O(Dt) ∈ a(PicMg(t))} ,
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where Dt is the restriction of D to the fibre Zg(t) of ZT = Z ×CP1 T → T over t ∈ T , and
the morphism a ∶ PicMg(t) → PicZg(t) comes from the diagram (3.4).
Now fix g ∶ T → CP1. We will construct a bijection between Quot1
lf,CP1
(E)(T ) and
D(T ) in a very similar way to Φ. Let qT ∶ ZT ≅ P(E∗T ) → Tw(M)T be the natural
projection, and let aT ∶ PicTw(M)T → PicZT be the map L ↦ q∗T (L∗) ⊗ OZT (1).
Similarly to the morphisms p and nZ in the diagram (3.4), there are canonical maps
pT ∶ Quot1lf,CP1(E)(T ) Ð→ PicTw(M)T
ψ ∶ ET ↠ Q z→ Kerψ
with fibre over L ∈ PicTw(M)T equal to
p−1T (L) = {[φ] ∈ P (Hom(L,ET )) ∶ φ sheaf monomorphism, quotient flat over T} ,
and
nZT ∶ D(T ) Ð→ PicZT
D ⊆ ZT z→ O(D)
with fibre over N ∈ aT (PicTw(M)T ) ⊂ PicZT equal to
n−1ZT (N) = {[ψ] ∈ P (Hom(OZT ,N)) ∶ ψ sheaf monomorphism, quotient flat over T} .
Now given L ∈ PicTw(M)T , using the projection formula and (qT )∗(OZT (1)) = ET ,
Hom(L,ET ) =H0(Tw(M)T ,L∗⊗ET ) ≅H0(ZT , q∗T (L∗)⊗OZT (1)) = Hom(OZT , aT (L)).
Just as above, we would like to conclude that this gives us bijections of fibres p−1T (L) ←→
n−1ZT (aT (L)) for every choice of line bundle L ∈ PicTw(M)T , which assemble into a
bijection ΦT that fits into the diagram
Quot1
lf,CP1
(E)(T )
pT

ΦT // D(T )
nZT

PicTw(M)T aT // PicZT
However, two things need to be verified. First, as non-reduced and reducible spaces
have nonzero morphisms L → ET that are not sheaf monomorphisms, one has to check
that in our correspondence, sheaf monomorphisms in Hom(L,ET ) get mapped to sheaf
monomorphisms in Hom(OZT , q∗T (L∗)⊗OZT (1)). This is a local statement on Tw(M)T ,
which is easily verified using trivializations of L and ET . The second verification one
has to make is that the flatness conditions for p−1T (L) and n−1ZT (q∗T (L∗) ⊗OZT (1)) are
equivalent. So let Q be the quotient of a monomorphism L → ET , and let Q′ be the
quotient of the corresponding monomorphismOZT → q∗T (L∗)⊗OZT (1). Choosing a point
x = (m, t) ∈ Tw(M)T = Tw(M) ×CP1 T , by the local flatness criterion (see [E], Theorem
6.8), Q is T -flat at (m, t) if and only if TorOt1 (Ct,Q(m,t)) = 0. Since πT ∶ Tw(M)T → T
is a flat morphism (a consequence of the fact that π ∶ Tw(M) → CP1 is flat), we have
TorOt1 (Ct,Q(m,t)) = TorO(m,t)1 (Ct ⊗Ot O(m,t),Q(m,t)),
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and the latter is just the stalk at (m, t) of the sheaf T or1(Opi−1
T
(t),Q) = T or1(OMg(t) ,Q).
So the flatness of Q is equivalent to the vanishing of the sheaves T or1(OMg(t) ,Q) for
every t ∈ T , which in turn is equivalent to the injectivity of the sheaf morphism
Lt ∶= L∣pi−1
T
(t) Ð→ (ET )∣pi−1
T
(t) ≅ Eg(t)
for every t. By an entirely analogous argument, Q′ is flat if and only if the induced sheaf
morphism
OZT ∣pi−1
T
(t) ≅ OZg(t) Ð→ q∗g(t)(L∗t )⊗OZg(t)(1)
is injective for all t. The equivalence of the two conditions is shown exactly as the
corresponding statement for Hom(L,ET ) and Hom(OZT , q∗T (L∗)⊗OZT (1)). 
We would now like to apply Proposition 3.4 to translate Theorem 3.3 from a statement
about properness of subsets of Dou
CP
1(Z) into a statement about properness of subsets
of Quot1
lf,CP1
(E).
Proposition 3.5. Let g denote the hyperka¨hler metric on M . For any d ∈ R, the
subspaces
Quot1
lf,CP1
(E)≥d, Quot1lf,CP1(E)>d ⊆ Quot1lf,CP1(E),
defined by the inequalities degg(LI) ≥ d, resp. degg(LI) > d, are complex analytic and
proper over CP1.
Proof. Recall that we have maps
Quot1
lf,CP1
(E) pÐ→ Pic
CP
1 Tw(M) deggÐ→ R
ψ ∶ EI ↠ QI z→ (I,LI ∶= Kerψ) z→ degg(LI)
As we saw, the connected components of Pic
CP
1 Tw(M) are either isolated points or
copies of CP1, and on the latter the degree map is constantly zero, by virtue of Lemma
2.16. In particular, the degree map is locally constant on Pic
CP
1 Tw(M), hence it is
also locally constant on Quot1
lf,CP1
(E). It follows at once that both Quot1
lf,CP1
(E)≥d and
Quot1
lf,CP1
(E)>d are unions of connected components of Quot1lf,CP1(E), hence they are
analytic. It remains to show that they are compact.
The rest of the proof closely follows the argument of Teleman on page 9 of [Te]. Let
r denote the rank of E and n the complex dimension of M . Recall that the hyperka¨hler
metric g induces a natural metric on the twistor space Tw(M), which we will also denote
by g, abusing the notation slightly. Choose an arbitrary Hermitian metric h on E. The
Chern connection of (E,h) induces an Ehresmann connection on the projective bundle
q ∶ Z = P(E∗) → Tw(M), that is, a horizontal subbundle HZ ⊆ TZ such that there is a
direct sum decomposition
TZ =HZ ⊕ V Z,
where V Z is the vertical tangent bundle of q ∶ Z → Tw(M). Because the Chern con-
nection of (E,h) is compatible with the holomorphic structure of E, the distribution
HZ ⊆ TZ is preserved by the almost-complex structure of Z. On the other hand, the
metric h on E induces a natural Hermitian metric on the vertical tangent bundle V Z on
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Z, which is just the Fubini-Study metric on the fibres q−1(x) = P(E∗x) ≅ Pr−1. We will de-
note by ωFS the corresponding Hermitian form, thought of as a real vertical (1,1)-form
on Z. It is now easy to see that if ω denotes the Hermitian form of g on Tw(M),
Ω ∶= q∗(ω) + ωFS
is a real positive (1,1)-form on Z such that TZ = HZ ⊕ V Z becomes an orthogonal
direct sum in the corresponding metric G on Z. Letting I ∈ CP1, the restriction of G to
the submanifold ZI ⊆ Z, as in the diagram
ZI = P(E∗I )   //
qI

Z = P(E∗)
q

MI
  // Tw(M),
will be denoted by GI . Its Hermitian form is
ΩI ∶= q∗I (ωI) + ωFS,
where ωI is the Ka¨hler form on MI .
Now fix I ∈ CP1 and let LI be a holomoprhic line bundle onMI . We want to relate the
degree of LI with respect to g to the degree of q
∗
I (LI) with respect to a Gauduchon metric
in the conformal class of GI . By Theorem 2.14, there exists a g-Hermitian-Einstein
metric γ on LI , and by Proposition 2.13, the curvature R
γ of the Chern connection on(LI , γ) satisfies the equation√
−1
2π
Rγ ∧ ωn−1I =
degg(LI)
n!Volg(M)ω
n
I .
We now verify that the metric q∗I (γ) on q∗I (LI) is GI -Hermitian-Einstein, and its Einstein
constant is proportional to degg(LI). We will use the fact that ωkFS = 0 for k ≥ r on ZI .
(
√
−1
2π
q∗I (Rγ)) ∧Ωn+r−2I = (n + r − 2
r − 1
) q∗I (
√
−1
2π
Rγ ∧ ωn−1I ) ∧ ωr−1FS =
= (n + r − 2)!(r − 1)!(n − 1)!
degg(LI)
n!Volg(M)q
∗
I (ωnI ) ∧ ωr−1FS =
= 1
n + r − 1
( degg(LI)(n − 1)!Volg(M))Ω
n+r−1
I ,
where we have used the fact that
Ωn+r−1I = (n + r − 1
r − 1
) q∗I (ωnI ) ∧ ωr−1FS .
We have thus shown that the GI -Hermitian-Einstein constant of the line bundle q
∗
I (LI)
on ZI is proportional to degg(LI) (and in fact the constant of proportionality does not
depend on the complex structure I).
If we now let I ∈ CP1 vary, then since GI depends smoothly on I, we can choose a
family of Gauduchon metrics {G′I} on {ZI} such that G′I is in the conformal class of GI
and G′I depends smoothly on I. Let the function C1 ∶ CP
1 → R be defined by
C1(I) ∶= degG′
I
(OZI (1)).
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By Proposition 1.3.5 of [LT], there is a function C2 ∶ CP
1 → R>0 such that for any I ∈ CP1
and any nontrivial line bundle NI ∈ PicZI with a nonzero section s ∈H0(ZI ,NI),
VolG′
I
{s = 0} = C2(I) ⋅ degG′
I
NI .
Finally, by the result in the previous paragraph and Proposition 2.15, there is also a
function C3 ∶ CP
1 → R>0 such that for any I ∈ CP1 and LI ∈ PicMI ,
degG′
I
(q∗I (LI)) = C3(I) ⋅ degg(LI).
All three functions C1,C2,C3 are continuous on CP
1 by continuity of the family {G′I}.
Recall that we have a map
Φ ∶ Quot1
lf,CP1
(E)Ð→ Dou
CP
1(Z),
which is a complex analytic isomorphism of Quot1
lf,CP1
(E) with a union of connected
components in Dou
CP
1(Z). Fixing I ∈ CP1, a line bundle LI ∈ PicMI and a nonzero
sheaf monomorphism ϕI ∶ LI → EI thought of as an element of Quot1lf,CP1(E), we have
VolG′
I
Φ([ϕI]) = C2(I) ⋅ degG′
I
(OZI (1)⊗ q∗I (L∗I )) =
= C2(I) ⋅ degG′
I
(OZI (1)) −C2(I) ⋅C3(I) ⋅ degg(LI).
= C2(I) ⋅C1(I) −C2(I) ⋅C3(I) ⋅ degg(LI).
Letting ε > 0, we know by Theorem 3.3 that the subset
Φ−1 (Dou
CP
1(Z)≤ε) = {ϕI ∶ LI → EI ∣ degg(LI) ≥ C2(I)C1(I) − ε
C2(I)C3(I) } ⊆ Quot
1
lf,CP1
(E)
is proper over CP1, hence in particular compact. Choosing ε ≫ 0 large enough so
that both Quot1
lf,CP1
(E)≥d and Quot1lf,CP1(E)>d are subsets of Φ−1 (DouCP1(Z)≤ε), we
conclude that both are compact. We are done. 
To go ahead with the proof of Theorem 3.2, we need the following version of the Plu¨cker
embedding for vector bundles. Let Y be a complex manifold and E a holomorphic vector
bundle on Y of rank r. For 1 ≤ s ≤ r − 1, the cone of exterior monomials Cs(E) ⊆ ΛsE
is a cone subbundle of ΛsE, which over a point y ∈ Y consists of elements that can be
written in the form v1 ∧ . . . ∧ vs, for vi ∈ Ey. We have the following correspondence.
(3.5) { Subsheaves F ↪ E
of rank s
}Ð→
←Ð
{ Line subsheaves L ↪ ΛsE
with image in Cs(E) ⊆ ΛsE }
Given a rank s subsheaf F ⊂ E, the corresponding line subsheaf is just detF ⊂ ΛsE. On
the other hand, given a line subsheaf L ⊂ ΛsE with image in Cs(E), we can tensor the
sheaf monomorphism L ↪ ΛsE with Λs−1E∗ and take the composition
L⊗Λs−1E∗ Ð→ ΛsE ⊗Λs−1E∗ Ð→ E,
where the second arrow is tensor contraction. Taking the maximal normal extension
(see [OSS], page 80) of the image of this morphism in E, we get a subsheaf F ⊂ E of
rank s. If one requires the subsheaves on both sides of the correspondence (3.5) to have
torsion-free quotients, one can check that the arrows become set-theoretical inverses.
With this construction, the following result becomes apparent.
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Proposition 3.6. Let Y be a complex manifold with a Gauduchon metric g, and let E
be a holomorphic rank r vector bundle over Y . The following conditions are equivalent:
(i) E is g-stable (g-semi-stable).
(ii) For every 1 ≤ s ≤ r − 1, and any non-trivial morphism ϕ ∶ L→ ΛsE, where L is a
line bundle and Im(ϕ) ⊆ Cs(E), one has
degg L < s ⋅ µg(E) (resp. degg L ≤ s ⋅ µg(E)).
Proof. Proposition 2.15 in [Te]. 
Proof of Theorem 3.2. Fix 1 ≤ s ≤ r − 1. Recall that the set S0 ⊆ S2 ≅ CP1 of generic
complex structures on M is dense in CP1 by Proposition 2.5. For I ∈ S0, µg(EI) = 0 by
Lemma 2.16, so by continuity, µg(EI) = 0 for all I ∈ CP1, and similarly, µg(ΛsEI) = 0.
By Proposition 3.5, the subpaces
Quot1
lf,CP1
(ΛsE)≥d, Quot1lf,CP1(ΛsE)>d ⊆ Quot1lf,CP1(ΛsE)
are analytic and proper over CP1, hence their projections in CP1
CP
1
≥d = {I ∶ ∃LI ∈ PicMI and ϕI ∶ LI ↪ ΛsEI such that degg LI ≥ d} ,
CP
1
>d = {I ∶ ∃LI ∈ PicMI and ϕI ∶ LI ↪ ΛsEI such that degg LI > d}
are Zariski closed. Let Quot1
lf,CP1
(E)s be the closed analytic subspace of Quot1
lf,CP1
(ΛsE)
consisting of equivalence classes of sheaf monomorphisms ϕI ∶ LI → ΛsEI with Im(ϕI) ⊆
Cs(EI). Then the intersections
Quot1
lf,CP1
(ΛsE)≥d ∩Quot1lf,CP1(E)s, Quot1lf,CP1(ΛsE)>d ∩Quot1lf,CP1(E)s
are again analytic and proper over CP1, hence their projections in CP1
(CP1≥d)s = {I ∶ ∃ϕI ∶ LI ↪ ΛsEI with Im(ϕI) ⊆ Cs(EI) and such that degg LI ≥ d} ,
(CP1>d)s = {I ∶ ∃ϕI ∶ LI ↪ ΛsEI with Im(ϕI) ⊆ Cs(EI) and such that degg LI > d}
are again Zariski closed. It only remains to observe that, by Proposition 3.6,
(CP1)st = CP1 ∖ ⋃
1≤s≤r−1
(CP1≥0)s , (CP1)sst = CP1 ∖ ⋃
1≤s≤r−1
(CP1>0)s .

4. Irreducible bundles on Tw(M) and fibrewise stability
Recall that an irreducible vector bundle is one that does not have proper subsheaves
of lower rank, while a generically fibrewise stable bundle E on the twistor space Tw(M)
of a hyperka¨hler manifold M is one whose restriction EI to the fibre MI of the twistor
projection π ∶ Tw(M)→ CP1 is stable for all I ∈ CP1, except perhaps finitely many. The
main result of the article follows.
Theorem 4.1. Let M be a compact simple hyperka¨hler manifold and let E be a holo-
morphic vector bundle on the twistor space Tw(M). If E is generically fibrewise stable,
then it is irreducible. The converse is true for vector bundles of rank 2 and 3, as well
as for bundles E of general rank which are simple over some fibre of the projection
π ∶ Tw(M)→ CP1, i.e. HomMI(EI ,EI) = C for some I ∈ CP1.
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Proof of forward implication and converse for the cases rkE = 2,3. The forward impli-
cation is due to Kaledin and Verbitsky ([KV], Lemma 7.3). Suppose E is generically
fibrewise stable. Since the set of generic induced complex structures S0 is dense in CP
1
by Proposition 2.5, we can always choose I ∈ S0 such that EI is stable. In fact, by Lemma
2.16, it is irreducible, since any proper subsheaf of EI of lower rank would destabilize EI ,
both having slope 0. Any subsheaf F ⊆ E on Tw(M) is torsion-free, hence its singularity
set has codimension ≥ 2, so in particular its restriction to MI is a subsheaf FI ⊆ EI of
the same rank as F . It follows that either rk(F) = 0, so that F = 0, or rk(F) = rk(E).
Thus E is irreducible. Observe that in our proof we have only used that EI is stable for
a single generic complex structure I ∈ S0 ⊆ CP1, which is consistent with the results of
the previous section.
We now prove the converse for the cases rkE = 2 and 3. Let E be a vector bundle of
rank 2 on Tw(M), and suppose E is not generically fibrewise stable. Then, by Theorem
3.2, it actually follows that EI is non-stable for all I ∈ CP1, i.e. the map
Quot1
lf,CP1
(E)≥0 Ð→ CP1
is surjective. Since this map is analytic and proper, we conclude that there is a connected
component in Quot1
lf,CP1
(E)≥0 which projects onto CP1. By the set-theoretic description
of the relative Quot space Quot1
lf,CP1
(E) and the relative Picard group Pic
CP
1 Tw(M)
given in the previous section, this means that there exists a (topological) complex line
bundle L onM with SU(2)-invariant first Chern class c1(L) such that for every induced
complex structure I ∈ CP1, L admits a unique holomorphic structure LI over MI , and
there exist nontrivial morphisms LI → EI . Moreover, just as in the proof of Proposition
2.17, one can construct a Hermitian metric on L and a Hermitian connection ∇ whose
curvature is SU(2)-invariant, and so as a consequence of Lemma 2.3, the (0,1)-part of
∇ with respect to I induces the holomorphic structure LI , for all I. Taking the pullback
bundle and connection (σ∗L,σ∗∇) along the (non-holomorphic) twistor projection σ ∶
Tw(M) → M , it’s not hard to check that the (0,1)-part of σ∗∇ defines a holomorphic
structure on σ∗L. We will denote this holomorphic line bundle on Tw(M) by L as well,
as this should not cause any confusion. Note that the restriction of this L to the fibre
MI = π−1(I) is just LI .
In sum, we have a holomorphic line bundle L on Tw(M) such that for every I ∈ CP1,
dimHomMI (LI ,EI) = dimH0(MI ,L∗I ⊗EI) ≥ 1,
where LI is the restriction of L to the fibre MI of the holomorphic twistor projection π ∶
Tw(M) → CP1. It follows that the pushforward sheaf π∗(L∗⊗E) is nonzero. Moreover,
it is torsion-free because L∗⊗E is, and since torsion-free sheaves on CP1 are locally free,
we conclude that π∗(L∗ ⊗E) is a nonzero vector bundle on CP1. Let
0Ð→K Ð→ π∗(L∗ ⊗E)
be any line subsheaf. Taking its pullback along π and composing with the evaluation
map π∗π∗(L∗ ⊗E)→ L∗ ⊗E, we get a nonzero morphism
π∗K Ð→ π∗π∗(L∗ ⊗E)Ð→ L∗ ⊗E.
Tensoring this composition with L, we get a line subsheaf of E, hence E is not irreducible.
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Now let E be a vector bundle of rank 3 on Tw(M), and suppose E is not generically
fibrewise stable. Again, by Theorem 3.2, EI admits a destabilizing subsheaf ∀I ∈ CP1.
In the notation of the proof of Theorem 3.2, we have
CP
1 = (CP1≥0)1 ∪ (CP1≥0)2 ,
and since these subsets are Zariski closed, it follows that one of them is equal to the
whole CP1. If (CP1≥0)1 = CP1, then a repeat of the argument for the case rkE = 2 gives a
line subsheaf of E. In case (CP1≥0)2 = CP1, observing that the cone subbundle of exterior
monomials C2(E) ⊆ Λ2E is equal to the whole Λ2E for a rank 3 vector bundle, we repeat
the same argument again with E replaced by Λ2E to conclude the existence of a line
subsheaf of Λ2E on Tw(M), which by the correspondence (3.5) gives a rank 2 subsheaf
of E. 
Before proving the converse for the case that E is simple over a fibre of the projection
π ∶ Tw(M) → CP1, let us see where the generalization of our argument for the case
rkE = 3 to bundles of general rank r breaks down. Let E be irreducible and assume for
contradiction that E is not generically fibrewise stable. Theorem 3.2 again gives us
CP
1 = (CP1≥0)1 ∪ (CP1≥0)2 ∪ . . . ∪ (CP1≥0)r−1 .
Since the subsets on the right are Zariski closed, one of them must be equal to CP1,
say (CP1≥0)s for some 1 ≤ s ≤ r − 1. Again there is some line bundle L on Tw(M) such
that for all I ∈ CP1 there exist nontrivial morphisms LI → ΛsEI over MI with image
lying inside the cone of exterior monomials Cs(EI) ⊆ ΛsEI . Hence π∗(L∗ ⊗ ΛsE) is a
nonzero vector bundle on CP1, and by Grauert’s theorem (Theorem 10.5.5 in [GR]), for
all I ∈ CP1, except possibly finitely many, its fibre has the form
π∗(L∗ ⊗ΛsE)I ≅H0(MI ,L∗I ⊗ΛsEI) = HomMI(LI ,ΛsEI).
However, unless s = 1 or r − 1, it’s no longer true that Cs(EI) = ΛsEI , so taking an
arbitrary line subsheaf
0Ð→K Ð→ π∗(L∗ ⊗ΛsE)
on CP1 no longer guarantees that the corresponding composition
π∗K Ð→ π∗π∗(L∗ ⊗ΛsE) Ð→ L∗ ⊗ΛsE.
on Tw(M) will take values in Cs(E), so it will not in general give a rank s subsheaf
of E. Thus, while there are monomorphisms LI ↪ ΛsEI with values in Cs(EI) for all
I ∈ CP1, it’s not apparent that they can be “glued” into a global morphism over Tw(M).
To describe this problem slightly differently, take the projectivization of the vector
bundle π∗(L∗⊗ΛsE) on CP1, and note that there is a 1-to-1 correspondence between line
subbundles of π∗(L∗ ⊗ΛsE) and sections of the projection v ∶ P(π∗(L∗ ⊗ΛsE)) → CP1.
By Grauert’s theorem, the generic fibre of v looks like
v−1(I) = P(HomMI(LI ,ΛsEI)),
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and since any scalar multiple of an element of HomMI(LI ,ΛsEI) taking values in Cs(EI)
clearly also takes values in Cs(EI), we get a well-defined closed analytic subset
Y ∶= {Classes of maps LI ↪ ΛsEI with image in Cs(EI)}   //
u
,,❨❨❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨
P(π∗(L∗ ⊗ΛsE))
v

CP
1,
where the map u is surjective. The problem then reduces to finding a section of the map
u ∶ Y → CP1, which would give a line subbundle K ↪ π∗(L∗⊗ΛsE), from which one can
construct a rank s subsheaf of E on Tw(M), as described in the previous paragraph.
Note that at this point it becomes a purely algebraic problem, since P(π∗(L∗⊗ΛsE)) is
a projective algebraic variety, and so is Y , by Chow’s theorem. Unfortunately, we don’t
have any information about the structure of Y , so we cannot assume the existence of a
section of u. However, we have the following algebraic result.
Lemma 4.2. Let u ∶ Y → C be a surjective morphism of complex projective varieties,
where C is a smooth curve. There always exists a multisection of u, in other words, an
algebraic curve X, which we can assume to be smooth and projective, together with a
branched cover f ∶ X → C, and a morphism s ∶ X → Y , making the diagram
Y
u

X
s
>>⑦⑦⑦⑦⑦⑦⑦⑦
f
// C
commute.
Proof. By induction on dimY . If Y itself is a curve, then letting X
s→ Y be its nor-
malization does the trick. Now let Y ⊆ CPN have arbitrary dimension, and suppose the
result holds for all varieties of lower dimension. We can assume that Y is irreducible.
Let H ⊂ CPN be a hyperplane that doesn’t contain Y . Then the irreducible components
of Y ∩H have dimension dimY − 1 and at least one of them is mapped onto C by the
map u ∶ Y → C, hence we can apply the induction hypothesis to the restriction of u to
this component. 
Going back to the map u ∶ Y → CP1 we have constructed previously and applying this
lemma, we get a multisection of u over some branched cover f ∶ X → CP1. We proceed
as follows in four steps to arrive at a contradiction.
1. We take the fibred product Z of π ∶ Tw(M) → CP1 and f ∶ X → CP1 as in the
diagram
Z
ϕ //
ρ

Tw(M)
pi

X
f
// CP1
and use the multisection obtained above to construct a subsheaf F ⊂ ϕ∗E of rank
s on Z.
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2. We take the pushforward of F and ϕ∗E along ϕ to obtain a rank s subsheaf
ϕ∗(F) ⊂ ϕ∗(ϕ∗E) over Tw(M). We show that ϕ∗(ϕ∗E) is a direct sum of
copies of E twisted by some divisors on Tw(M):
ϕ∗(ϕ∗E) ≅ E(D1)⊕ . . .⊕E(Dd).
3. In view of the above direct sum decomposition of ϕ∗(ϕ∗E) and the irreducibil-
ity of E, we show that the subsheaf ϕ∗(F) ⊂ E(D1) ⊕ . . . ⊕ E(Dd) is essen-
tially isomorphic (in a sense to be made precise) to a direct sum of some of the
E(D1), . . . ,E(Dd), say E(D1)⊕ . . . ⊕E(Dt) with t < d.
4. Identifying ϕ∗(ϕ∗E) with E(D1)⊕ . . . ⊕E(Dd) and ϕ∗(F) with E(D1) ⊕ . . . ⊕
E(Dt), we show that if E is simple over a fibre of the projection π ∶ Tw(M) →
CP
1, any sheaf monomorphism from E(D1)⊕ . . .⊕E(Dt) to E(D1)⊕ . . .⊕E(Dd)
has a particularly simple form, namely that of a d × t matrix of meromorphic
functions from CP1. From this we can get a contradiction to the fact that F is
a proper subsheaf of ϕ∗E of lower rank on Z.
To sum up the above in one sentence, the irreducibility of E and the fact that is
simple over a fibre of π put rigid conditions on subsheaves of direct sums of copies of
E on Tw(M), from which one can conclude that the pullback bundle ϕ∗E on Z is
irreducible as well, and this gives a contradiction to the existence of a subsheaf of ϕ∗E
constructed using Lemma 4.2.
Before proceeding with the rest of the proof of Theorem 4.1, we need one more tech-
nical result. Recall that so far all our sheaves have been sheaves of O-modules, where
O is the structure sheaf of the corresponding manifold. However, in our argument it
will be useful to pass to a different category. Let M denote the sheaf of meromorphic
functions on CP1, and let π∗M be its pullback to Tw(M) along the twistor projection
π ∶ Tw(M) → CP1. π∗M is not coherent, but it is a sheaf of rings on Tw(M) (in fact,
a sheaf of OTw(M)-algebras), and so it gives rise to the corresponding abelian category
π∗M-Mod. Note that the tensoring functor
−⊗ π∗M ∶ OTw(M)-Mod Ð→ π∗M-Mod,G z→ G ⊗ π∗M
is exact. Indeed, this follows from the fact thatM is flat over CP1, which is a consequence
of the fact that a sheaf over a smooth curve is flat if and only if its stalks are torsion-free.
Recall from Proposition 2.17 that taking pullbacks along the map π ∶ Tw(M) → CP1
gives a one-to-one correspondence between divisors on CP1 and those on Tw(M). Given
a divisor D on CP1, we will denote by the same letter D the corresponding divisor
on Tw(M), and vice versa. The corresponding line bundle on CP1 will be denoted by
O
CP
1(D), and on Tw(M) by OTw(M)(D). For a sheaf F of OTw(M)-modules, we denote
F(D) ∶= F ⊗OTw(M) OTw(M)(D),
and similarly for sheaves of O
CP
1-modules. Given a OTw(M)-sheaf F on Tw(M), for
any pair of divisors D ≤ D′ we have a natural morphism F(D) → F(D′). With these
morphisms, the collection {F(D)} forms a direct system of sheaves on Tw(M). For
any divisor D, tensoring the inclusion OTw(M)(D) ↪ π∗M with F gives a morphism
F(D) → F ⊗ π∗M, and the morphisms thus obtained are compatible with the direct
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system, hence we have an induced map
(4.1) lim
−→F(D) Ð→ F ⊗ π∗M
of sheaves of OTw(M)-modules. As the following lemma shows, it is an isomorphism.
Lemma 4.3. For any OTw(M)-sheaf F on Tw(M), the map (4.1) is an isomorphism.
Furthermore, if F is a torsion-free coherent sheaf, then the maps F(D) → F ⊗ π∗M
inducing (4.1) are all monomorphisms, and for any coherent sheaf G of OTw(M)-modules,
any morphism G → F ⊗π∗M factors through some F(D) in the category OTw(M)-Mod,
as in the diagram
F ⊗ π∗M
G
::✈✈✈✈✈✈✈✈✈✈✈ //❴❴❴❴ F(D)?
OO
Proof. First observe that, on CP1, the natural inclusions O
CP
1(D)↪M are compatible
with the direct system of sheaves {O
CP
1(D)} and thus induce a map
(4.2) lim
−→OCP1(D)Ð→M,
which is easily seen to be an isomorphism. If F is any OTw(M)-sheaf on Tw(M), then
for any x ∈ Tw(M), the stalk map of (4.1) at x, which looks like
(4.3) lim
−→Fx ⊗OCP1,pi(x) OCP1,pi(x)(D)Ð→ Fx ⊗OCP1,pi(x) Mpi(x),
is just the tensor product of the stalk map of (4.2) at π(x) (which is an isomorphism)
with Fx. This shows that (4.1) is an isomorphism at x for arbitrary x ∈ Tw(M).
If now F is a torsion-free sheaf on Tw(M), then for any x ∈ Tw(M), Fx is a flat
O
CP
1,pi(x)-module, hence tensoring the inclusion OCP1,pi(x)(D) ↪ Mpi(x) with Fx pro-
duces an injective map
Fx ⊗O
CP1,pi(x)
O
CP
1,pi(x)(D) Ð֒→ Fx ⊗OCP1,pi(x) Mpi(x).
This shows that F(D) → F ⊗ π∗M is a monomorphism for any D. Now suppose that
G is a coherent OTw(M)-sheaf, and let G → F ⊗ π∗M be any morphism. Since G is in
particular of finite type, for every point x ∈ Tw(M) there exists a neighborhood U ∋ x
and sections s1, . . . , sn ∈ G(U) that generate G over U . Using the isomorphism (4.3), we
can conclude that there exists a divisor D such that the image of each si under the stalk
map Gx → (F ⊗ π∗M)x lies in F(D)x ⊂ (F ⊗ π∗M)x. By shrinking U if necessary, we
can conclude that the map G → F ⊗ π∗M factors through F(D) on U :
(F ⊗ π∗M)∣U
G∣U
88qqqqqqqqqqq
//❴❴❴❴ F(D)∣U?

OO
Repeating the same argument for every point of Tw(M) and using compactness, we can
conclude that there exist open sets U1, . . . Uk that cover Tw(M) and divisors D1, . . . ,Dk
such that G → F ⊗ π∗M factors through F(Dj) on Uj, similarly to the above. Then
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choosing D such that Dj ≤D∀j, it’s not hard to see that G → F ⊗π∗M factors through
F(D) on the whole Tw(M). 
Proof of converse of Theorem 4.1 in the case that E is simple over some fibre of π. Let
E be an irreducible vector bundle of rank r on Tw(M) such that its restriction to some
fibre of π ∶ Tw(M) → CP1 is a simple vector bundle. Arguing by contradiction, we
assume that EI is non-stable for infinitely many I ∈ CP1.
Step 1. By Theorem 3.2, E is non-stable for all I ∈ CP1, and by the discussion preceding
Lemma 4.2, there exists a number 1 ≤ s ≤ r−1 and a line bundle L on Tw(M) such that
for all I ∈ CP1, there are non-trivial morphisms
LI Ð→ Cs(EI) ⊆ ΛsEI
overMI = π−1(I), where as usual LI is the restriction of L toMI and Cs(EI) denotes the
cone of exterior monomials in ΛsEI . If s = 1 or r − 1, Cs(EI) = ΛsEI , and an argument
entirely analogous to the case rkE = 3 shows that these morphisms can be assembled into
a line subsheaf of ΛsE on Tw(M) taking values in Cs(E), which in turn contradicts the
irreducibility of E, proving that E is generically fibrewise stable. Assume 1 < s < r − 1.
As explained previously, π∗(L∗ ⊗ ΛsE) is a nonzero vector bundle on CP1 whose
generic fibre is isomorphic to HomMI(LI ,ΛsEI). Taking the corresponding projective
bundle P (π∗(L∗ ⊗ΛsE)) over CP1, we have the closed algebraic subvariety
Y ∶= {Classes of maps LI ↪ Cs(EI) ⊆ ΛsEI}   //
u
++❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲
P(π∗(L∗ ⊗ΛsE))
v

CP
1,
where u is surjective. Applying Lemma 4.2, there exists a multisection
Y
u

X
s
==④④④④④④④④
f
// CP1
where f ∶X → CP1 is branched cover of degree d. Taking the fibred product
Y ×
CP
1 X ⊆ P (f∗(π∗(L∗ ⊗ΛsE))) ,
our multisection s ∶X → Y gives a section of the morphism Y ×
CP
1 X →X, so we obtain
a line subbundle
0Ð→K Ð→ f∗(π∗(L∗ ⊗ΛsE))
on X. Let Z denote the fibred product of f ∶ X → CP1 and the twistor projection
π ∶ Tw(M)→ CP1, as in the diagram
(4.4) Z
ϕ //
ρ

Tw(M)
pi

X
f
// CP1
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On X, there is a canonical morphism,
f∗(π∗(L∗ ⊗ΛsE)) Ð→ ρ∗(ϕ∗(L∗ ⊗ΛsE)),
which over a generic point is easily seen to be an isomorphism, since f ∶ X → CP1 is a
finite map. Composing this with the line subbundle K → f∗(π∗(L∗⊗ΛsE)) constructed
above, we get a line subsheaf
0Ð→K Ð→ ρ∗(ϕ∗(L∗ ⊗ΛsE)) = ρ∗([ϕ∗L]∗ ⊗ ϕ∗ΛsE)
on X, and pulling back along ρ to Z, we take the composition
ρ∗(K)Ð→ ρ∗ρ∗([ϕ∗L]∗ ⊗ ϕ∗ΛsE)Ð→ [ϕ∗L]∗ ⊗ ϕ∗ΛsE
with the corresponding evaluation map. This composition is a monomorphism since it is
nonzero, and it takes values in [ϕ∗L]∗⊗ϕ∗Cs(E) by construction. Tensoring with ϕ∗L,
we get a line subsheaf of ϕ∗ΛsE = Λs(ϕ∗E) which takes values in ϕ∗Cs(E) = Cs(ϕ∗E).
By the correspondence (3.5), this line subsheaf gives rise to a rank s normal subsheaf
F ⊂ ϕ∗E on Z.
Step 2. Taking the pushforward of the sheaf monomorphism F ↪ ϕ∗E that we just
obtained along the map ϕ, we obtain by the left-exactness of ϕ∗ a sheaf monomorphism
γ ∶ ϕ∗(F) Ð֒→ ϕ∗(ϕ∗E)
on Tw(M). Since F was normal over Z, ϕ∗(F) is normal over Tw(M). As for ϕ∗(ϕ∗E),
it happens to be a vector bundle whose structure can be described nicely in terms of the
original bundle E. In the diagram (4.4) we have an isomorphism
π∗(f∗(OX)) ≅ ϕ∗(ρ∗(OX))
(see Theorem III.3.10 and its corollaries in [Ba]). Using the Birkhoff-Grothendieck the-
orem, we can write
ϕ∗(OZ) = ϕ∗(ρ∗(OX)) ≅ π∗(f∗(OX)) ≅ π∗ ( d⊕
l=1
O
CP
1(Dl)) = d⊕
l=1
OTw(M)(Dl),
where D1, . . . ,Dd are some divisors on CP
1. Using this decomposition and the projection
formula, we have
ϕ∗(ϕ∗E) = ϕ∗(ϕ∗E ⊗OZ) ≅ E ⊗ϕ∗(OZ) ≅ E(D1)⊕ . . .⊕E(Dd).
We will denote El ∶= E(Dl) for 1 ≤ l ≤ d. With this identification, the sheaf monomor-
phism γ has the form
γ ∶ ϕ∗(F) Ð֒→ ϕ∗(ϕ∗E) ≅ E1 ⊕ . . .⊕Ed.
Step 3. We would now like to show that there exists a choice of a subset {i1, . . . , it} ⊆{1, . . . , d} such that the composition
ϕ∗(F) γÐ→ E1 ⊕ . . .⊕Ed Ð→ Ei1 ⊕ . . . ⊕Eit
(where the second arrow is the usual projection) is a monomorphism of sheaves with
quotient being a torsion sheaf. Let 1 ≤ j ≤ d and look at the composition
ϕ∗(F) γÐ→ E1 ⊕ . . .⊕Ed Ð→⊕
l≠j
El = E1 ⊕ . . .⊕ Êj ⊕ . . . ⊕Ed.
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Let Kj denote the kernel of this composition. We have the following diagram with exact
rows
0 // Kj //
✤
✤
✤
ϕ∗(F) // _
γ

⊕l≠j El
0 // Ej // E1 ⊕ . . . ⊕Ed // ⊕l≠j El // 0
It follows from the irreducibility of Ej = E(Dj) that the the induced morphism Kj → Ej
is either zero or generically an isomorphism. If the latter is true for every j from 1
to d, then rkϕ∗(F) = rk [E1 ⊕ . . . ⊕Ed], but this cannot be as ϕ∗(F) is a subsheaf of
ϕ∗(ϕ∗E) of lower rank. Fixing an index j such that Kj = 0, the composition
ϕ∗(F) γÐ→ E1 ⊕ . . .⊕Ed Ð→⊕
l≠j
El
must be a monomorphism. If rkϕ∗(F) = rk⊕l≠j El, we stop here. If not, we repeat the
argument above with {1, . . . , d} replaced by {1, . . . , ĵ, . . . , d} to conclude the existence of
an index k ∈ {1, . . . , ĵ, . . . , d} such that the composition
ϕ∗(F) Ð→⊕
l≠j
El Ð→ ⊕
l≠j,k
El
is still a monomorphism. Continuing in this manner, we eventually arrive at a monomor-
phism ϕ∗(F) ↪ Ei1 ⊕ . . . ⊕ Eit with rkϕ∗(F) = rk [Ei1 ⊕ . . . ⊕Eit], whose quotient is
clearly a torsion sheaf. We cannot have t = 0 as this would imply ϕ∗(F) = 0, con-
trary to the construction of F . Rearranging indices if necessary, we can assume that
Ei1 ⊕ . . .⊕Eit = E1 ⊕ . . .⊕Et.
We denote the sheaf monomorphism that we just constructed by
µ ∶ ϕ∗(F) Ð֒→ E1 ⊕ . . . ⊕Et.
In the short exact sequence
(4.5) 0Ð→ ϕ∗(F) µÐ→ E1 ⊕ . . . ⊕Et Ð→ T Ð→ 0,
T is a torsion sheaf, as noted above. Thus, the morphism µ ∶ ϕ∗(F) → E1 ⊕ . . . ⊕ Et
has an inverse outside a subset of positive codimension in Tw(M), and we would like to
extend this inverse to all of Tw(M) in some way.
We start by observing that Supp(T ) has pure codimension 1 in Tw(M). Indeed, for
any open neighborhood U ⊆ Tw(M) and A ⊂ U a subset of codimension ≥ 2, we have
the following diagram with exact rows:
0 // ϕ∗(F)(U) µ(U) //
≅

[E1 ⊕ . . .⊕Et] (U) //
≅

T (U)

0 // ϕ∗(F)(U ∖A) µ(U∖A)// [E1 ⊕ . . . ⊕Et] (U ∖A) // T (U ∖A)
The first and second vertical arrows are isomorphisms because the corresponding sheaves
are normal. If ζ ∈ T (U) is some section such that Supp(ζ) = A, then, by shrinking U
if necessary, we can assume that it comes from some section ξ ∈ [E1 ⊕ . . . ⊕Et] (U). As
the restriction of ζ to U ∖A is zero, it follows by the exactness of the second row that the
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restriction of ξ to U ∖A comes from ϕ∗(F)(U ∖A). But then the same must hold over
U , so by the exactness of the first row, ζ must be zero over U , which is a contradiction.
This means that Supp(T ) lies on a divisor.
We now pass to the category π∗M-Mod. As we have noted previously, the tensoring
functor −⊗ π∗M is exact, so applying it to (4.5), we get the short exact sequence
0Ð→ ϕ∗(F)⊗ π∗M µ⊗pi∗M−−−−−→ [E1 ⊕ . . . ⊕Et]⊗ π∗MÐ→ T ⊗ π∗MÐ→ 0
in π∗M-Mod. By the discussion in the previous paragraph, we know that the support of
every nonzero element ζ ∈ Tx, for any x ∈ Tw(M), lies on the hypersurface V = π−1(π(x)),
hence ζ is annihilated by a sufficiently high power of a local coordinate about π(x) in
CP
1. Thus, T ⊗ π∗M = 0, and so µ⊗ π∗M ∶ ϕ∗(F) ⊗ π∗M→ [E1 ⊕ . . .⊕Et]⊗ π∗M is
an isomorphism of π∗M-modules. We denote its inverse in the category π∗M-Mod by
η ∶ [E1 ⊕ . . . ⊕Et]⊗ π∗MÐ→ ϕ∗(F)⊗ π∗M.
Applying Lemma 4.3, there exists a divisor D and a morphism E1 ⊕ . . . ⊕ Et → ϕ∗(F)
(which we also denote by η) which completes the following diagram in the category
OTw(M)-Mod:
[E1 ⊕ . . . ⊕Et]⊗ π∗M η // ϕ∗(F) ⊗ π∗M
E1 ⊕ . . .⊕Et
?
OO
η //❴❴❴❴❴❴ ϕ∗(F)(D)?

OO
The morphism η ∶ E1 ⊕ . . . ⊕ Et → ϕ∗(F)(D) is a partial inverse to the morphism
µ ∶ ϕ∗(F) → E1 ⊕ . . . ⊕Et constructed above, in the sense of the following commutative
diagram:
(4.6) ϕ∗(F)(D) µ(D) // [E1 ⊕ . . .⊕Et] (D)
ϕ∗(F) µ //?

OO
E1 ⊕ . . .⊕Et
?
OO
η
hh◗◗◗◗◗◗◗◗◗◗◗◗◗
Note that outside Supp(D), µ and η are bona fide inverses of each other.
Step 4. In Step 2 we have constructed the sheaf monomorphism γ ∶ ϕ∗(F)↪ ϕ∗(ϕ∗E) ≅
E1⊕ . . .⊕Ed on Tw(M) as the pushforward by the map ϕ from the diagram (4.4) of the
sheaf inclusion F ↪ ϕ∗E on Z. Identifying ϕ∗(F) with E1 ⊕ . . . ⊕ Et via the diagram
(4.6) above, we will show that the morphism γ has a particularly simple form. Look at
the composition
(4.7) E1(−D)⊕ . . . ⊕Et(−D) η(−D)−−−−→ ϕ∗(F) γÐ→ E1 ⊕ . . .⊕Ed.
Take any summand Ej(−D), 1 ≤ j ≤ t, on the left, and any summand Ei, 1 ≤ i ≤ d, on
the right. The morphisms from Ej(−D) to Ei on Tw(M) are given by:
Hom (Ej(−D),Ei) = Hom (E(Dj −D),E(Di)) =
=H0(Tw(M),E∗(−Dj +D)⊗E(Di)) =H0(Tw(M), (E∗ ⊗E)(−Dj +D +Di)) =
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=H0(CP1, π∗ [(E∗ ⊗E)(−Dj +D +Di)]) =H0(CP1, π∗(E∗ ⊗E)(−Dj +D +Di)),
where we have used the projection formula in the last line with respect to the twistor
projection π ∶ Tw(M) → CP1. The pushforward sheaf π∗(E∗ ⊗ E) on CP1 is locally
free since it’s torsion-free, so it splits as a direct sum of line bundles. Since the vector
bundle E on Tw(M) is irreducible, it is stable, hence it is simple (see [LT], Proposition
1.4.5), so we have H0(CP1, π∗(E∗ ⊗E)) = H0(Tw(M),E∗ ⊗E) = C. It follows that in
the direct sum decomposition of π∗(E∗ ⊗E), there is exactly one summand of the form
O
CP
1 , while all other summands (if any) are negative line bundles.
On the other hand, it’s clear that for any I ∈ CP1, dimH0(MI ,E∗I ⊗EI) ≥ 1, and since
the restriction of E to some fibre of π is simple, we know that equality is attained for at
least one I. Applying the semicontinuity theorem ([OSS], p. 5) to E∗ ⊗E, we conclude
that H0(MI ,E∗I ⊗EI) has rank 1 for I in a nonempty Zariski open subset of CP1, and
so, by the previous paragraph, π∗(E∗ ⊗E) = OCP1 . With this in mind, we have
Hom (Ej(−D),Ei) =H0(CP1,OCP1(−Dj +D +Di)),
and it follows from this that the composition (4.7) is simply a d×tmatrix of meromorphic
functions from CP1 that we will denote by A.
We will now complete our argument by showing that the above description of the
morphism γ ∶ ϕ∗(F) → ϕ∗(ϕ∗E) as a matrix morphism is incompatible with the fact
that F is a proper subsheaf of ϕ∗E of lower rank on Z. Recall that in the diagram
(4.4) f and ϕ are branched coverings of degree d. We can choose a nonempty open
neighborhood U ⊆ Tw(M) such that
(i) U is evenly covered by ϕ, that is, ϕ−1(U) ⊆ Z is a disjoint union of open neigh-
borhoods U1, . . . ,Ud such that ∀1 ≤ i ≤ d, ϕ restricted to Ui is an isomorphism
ϕ∣Ui ∶ Ui ≅Ð→ U ;
(ii) U does not intersect Supp(D) in Tw(M);
(iii) the line bundles OTw(M)(D1), . . . ,OTw(M)(Dd) trivialize on the open set U .
We now look at the restriction of the sheaf monomorphism γ ∶ ϕ∗(F) → ϕ∗(ϕ∗E) to
U ⊆ Tw(M). γ can be described in two different ways. Firstly, as U is evenly covered
by U1, . . . ,Ud, we have
ϕ∗(F)∣U ≅ F ∣U1 ⊕ . . .⊕ F ∣Ud , ϕ∗(ϕ∗E)∣U ≅ ϕ∗E∣U1 ⊕ . . . ⊕ ϕ∗E∣Ud ,
and γ is simply the direct sum of the monomorphisms F ∣Ui ↪ ϕ∗E∣Ui defining F as a
subsheaf of ϕ∗E on Z:
γ∣U ∶ F ∣U1 ⊕ . . . ⊕ F ∣Ud Ð→ ϕ∗E∣U1 ⊕ . . . ⊕ ϕ∗E∣Ud .
Secondly, outside Supp(D) (and in particular on U), the morphsim η(−D) in the compo-
sition (4.7) is an isomorphism, hence we can identify ϕ∗(F) with E1(−D)⊕ . . .⊕Et(−D),
while ϕ∗(ϕ∗E) can be identified with E1 ⊕ . . .⊕Ed in the usual way:
ϕ∗(F)∣U ≅ E1(−D)∣U ⊕ . . .⊕ Et(−D)∣U , ϕ∗(ϕ∗E)∣U ≅ E1∣U ⊕ . . .⊕ Ed∣U .
With these identifications, γ∣U is simply the matrix morphism A above:
A ∶ E1(−D)∣U ⊕ . . . ⊕ Et(−D)∣U Ð→ E1∣U ⊕ . . . ⊕ Ed∣U .
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Note that, in view of (4.6), the composition of A with the projection onto the first t
summands of E1∣U ⊕ . . . ⊕ Ed∣U is an isomorphism on U .
To reconcile these two descriptions of the morphism γ, observe that by choice of
U ⊆ Tw(M), we have two trivializations of the vector bundle ϕ∗(OZ) on U :
ϕ∗(OZ)∣U ≅Ð→OU1 ⊕ . . .⊕OUd ≅ O⊕dU , ϕ∗(OZ)∣U ≅Ð→OU(D1)⊕ . . .⊕OU(Dd) ≅ O⊕dU .
Here the first trivialization comes from the fact that U ⊆ Tw(M) is evenly covered by
U1, . . . ,Ud ⊆ Z, while the second trivialization comes from the isomorphism
ϕ∗(OZ) ≅ OTw(M)(D1)⊕ . . .⊕OTw(M)(Dd)
that was obtained in Step 2. If we denote by B ∶ O⊕d
U
Ð→ O⊕d
U
the transition function
from the second to the first trivialization, the two descriptions of the morphism γ on U
from the previous paragraph now fit into the following commutative diagram:
F ∣U1 ⊕ . . .⊕ F ∣Ud γ∣U // ϕ∗E∣U1 ⊕ . . . ⊕ ϕ∗E∣Ud ≅ E∣⊕dU
E1(−D)∣U ⊕ . . . ⊕ Et(−D)∣U A //
η(−D) ≅
OO
E1∣U ⊕ . . .⊕ Ed∣U ≅ E∣⊕dU
B ≅
OO
Since F was constructed as a proper subsheaf of ϕ∗E of lower rank, composing the upper
horizontal arrow with the projection onto any direct summand of E∣⊕dU will yield a map
which is not surjective at any point of U . On the other hand, as noted at the end of the
previous paragraph, the composition of the lower horizontal arrow with the projection
onto any of the first t direct summands of E∣⊕dU is surjective. These two statements
contradict each other, since the right-hand vertical arrow B ∶ E∣⊕dU → E∣⊕dU is simply a
d×d matrix of holomorphic functions on U , everywhere non-singular. We conclude that
our original assumption that E is not generically fibrewise stable is wrong, finishing the
proof of the theorem.

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